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Let (X, ||||) be a normed space over K € {R,C}. By Sx we denote the
unit sphere in X. Let X* be the collection of all continuous linear
functionals on X. Lumer [2] proved that there always exists a mapping
[-]o] : X x X — K satisfying the following properties:
4 vX,y,ZEX va,,@EK : [OéX + ﬁy|z] = [X|Z] + ﬁ [y|Z];
® Viyex Vaek : [x|ay] =@ [x|y];
o Veyex: XV <IxI-lyll, [xlx] =[x
Such a mapping is called a semi—inner product in X.

[2] G. Lumer, Semi-inner-product spaces, Trans. Am. Math. Soc., 100

(1961), 29-43.

A supporting functional p,: X — K at x € X is a norm-one linear
functional in X* such that ¢x(x) = ||x|| = (®x, x). By the Hahn-Banach
theorem there always exists at least one such functional for every x € X.
There may exist infinitely many different semi-inner products in X. There
is a unique one if and only if X is smooth (i.e. there is a unique supporting
functional at each point of the set X \ {0}). Then

Xyl = [lyll-ey (x) = llyll-(py, x) forall x,y € X. (1)
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Introduction

The following result appeared in

[1] D. ligevi¢, A. Turnsek, On Wigner's theorem in smooth normed
spaces, Aequationes Math. 94 (2020), 1257-1267.

Proposition

[1, Proposition 2.4] Let X, Y be normed spaces and f: X — Y a
mapping such that [f(x)|f(y)] = [x|y], x,y € X.

(i) If f is surjective, then f is a linear isometry.

(ii) If X = Y is a smooth Banach space, then f is a linear isometry.

The above property (ii) is not true.
Unluckily, the proof of [1, Proposition 2.4] contains a small flaw.

FX X G Bl 3717



In the proof of [1, Proposition 2.4], the authors postulated the following
inclusion:

{€ory € X1z X, £ €C D {Eppnyof eX*:ze X, £€C}, (2)

where pr(,y o f = ¢, (see [1, p. 1265, third line from the bottom]),
which fails already in the Hilbert-space setting.

To see this, let us consider the Hilbert space ¢>. The only semi-inner
product on {3 is the inner product (-|-) itself. We consider the unilateral
shift on ¢, which is a non-surjective isometry f: {5 — /£5; it is given by
the formula f(x) = f(x1, x2, x3,...) = (0, x1, x2, X3, ...). It is easy to see
that (F(x)|f(y)) = (xly) and

{fgof(z) of € (62)*: z € {7, f € (C} = (52)*
On the other hand,
{&pf(z)e (£2>*: z€ly, fE(C} = {(‘W>€ (£2>*: w = (0, wy, wa, .. .)652},

which demonstrates that indeed (2) is fatally flawed.
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Semi-inner product and linearity of mapping

Theorem

Let X and Y be normed spaces with fixed semi-inner products [-|-], and
[-]-],, respectively. Suppose that f: X — Y is a function such that

[FOIFW], = Xyl (xy €X). (3)

(i) Ifdim X =dimY = n < oo, then f is a linear isometry.
(ii) If X has a Schauder basis (e;) and (f(e;)) is a Schauder basis of Y,
then f is a linear isometry.

Proof: We will prove clause (ii) first. Suppose that (e;) is a Schauder basis
of X and (f(e;)) is a Schauder basis of Y. We will show that for any

scalars 1, B2, . ..
o [ee]
f <Z 3;6;) = Bif(e)
i=1 i=1
as long as the series Y72, fje; converges in X.

FX X FFGII= Bl 5 /17



Semi-inner product and linearity of mapping

Fix x € X. Since (f(e;))$2; is a basis, there are uniquely determined
scalars (31, B35, ... such that

o0
FO) = 2 Bif(e)
=
Let xm := > Biei. It is enough to show that x,, — x as m — oco. Let us
define the numbers ¢, := ||f(x) — >/ Bif (e&)]|. Clearly, em — 0 as
m — oo. For every unit vector u € X, we have 1 = ||u|| = ||f(u)]]. Thus

Hf(x)—iﬁ;f(emf(u) <l Zﬂ, ()] N7l < em-1.
i=1

Using linearity of the semi-inner products in the first variable, we get

m

| [FOIf (w)] = [Z ﬁif(ei)f(u)] ‘ = ‘ [FOIF(u)]=D_ B [F (en) | ()]
i=1

i=1

Combining the above inequality with (3) yields

m

[x|u] - Zlﬁi [eilu]
1=
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Semi-inner product and linearity of mapping

Consequently, < €m, Which means that

{x - E 6,e,\u]

| x = xmlu] [ < em.
It is known that {[- \W] € X*: |lw|| =1,w € X} is a 1-norming subset in
the dual ball of X*, i

lall = sup { [alw] € X*: ]| = 1,w € X}.

This allows us to conclude that we have ||x — xp|| < &m, s0 xm — x. We
have thus proved that x = Z, 1 Giei.

It is helpful to recall: f(x) = Z Bif (ei). So, we have

f (21 ﬂiei> = ,_ijl Bif (&)

In particular, f is linear, hence also isometric because it preserves the
semi-inner products.
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dimX =dimY =n < oo = f: X — Y is linear.

Now, in order to prove clause (i), it is enough to show that f maps linearly
independent sets to linearly independent sets.

Let n = dim X. Fix a basis {b1, ..., by} for X. We claim that the set
{f(b1),...,f(bp)} is linearly independent in Y. To see this, suppose that
> h—1 akf(bk) = 0. It follows from (3) that

n 2 n n
Zakbk = [Z o by Zakbk]
k=1 k=1 k=1
= ) o [bk| Zakbk] Zak [ (bk)|f (Z akbk>]
k=1 k=1

k=1
= [Z Oékf(bk)‘f <Z Oékbk>] = lO\f (Z Oékbk>] =0.
k=1 k=1 k=1
Hence >_7_; axbx = 0. Since the vectors by, ..., b, are linearly
independent, we have a; = ... = a, = 0. This means that the vectors

f(b1),...,f(bs) are linearly independent too. Consequently,
{f(b1),...,f(bp)} is a basis for Y. Now, we can apply (ii). B
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dimX =dimY =n < oo = f: X — Y is linear.

Remark: It is worth mentioning that for finite-dimensional case, the
assumption dim X = dim Y is the best that can be said. Namely, an
inequality dim X < dim Y does not imply linearity of f; see the paper:
[3] P. Wéjcik, On an orthogonality equation in normed spaces,
Funct. Anal. Appl. 52(3) (2018) 224-227.

Indeed, it was observed in [3] that if X is a non-Hilbertian
finite-dimensional space with n = dim X > 3 that is smooth, then there
exists a space V of dimension n— 1 and a non-linear map f: V — X that
preserves semi-inner products. The map f may even be discontinuous
unless X is strictly convex.
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Example of smooth Banach space

In this part of talk we manufacture an infinite-dimensional uniformly
smooth Banach space X and a nonlinear mapping f: X — X such that

[FONF (V)] =[xyl x,yeX.
Let (Z, || - |lo) be a two-dimensional normed space that is smooth but not
strictly convex. Then there are distinct vectors u, w € Z such that
conv{u,w} C Sz. Without loss of generality, we may assume that Z = K>
as a vector space and u = (—c,1), w = (c, 1) for some real number
0<c<1 Thus (0,1) € Sz. Moreover, without loss of generality we may
assume that(1,0) € Sz.

Lemma

Let x € K and n € (0,c). Then ||(nx,x)]lo = |[(0, x)||o-

Proof: Since 0 < 1) < c, we have ZE€ € [0, 1] and
(n,1) = (1 — ”+C) u+ LEw € conv{u, w} C Sz.

Thus (n,1) € Sz, i.e., ||(n,1)|lo = 1. Since (0,1) € Sz, ||(0,1)||o = 1.
Therefore ||(nx, x)|lo =[x [|(n, 1)[lo=[x]-L=|x]| - ]|(0, 1)|[o = [|(0,x)}|o. M
f: X — X FC)IF)] = [xly]  10/17




We shall consider the space X := K @5 ¢2(Z), the f2-sum of infinitely
many copies of Z and the one-dimensional space. In other words,

X=Ke,Ze, 720, 7Za,...

and the norm in X is thus given by

k=1

X1} = J pal? + i Gk x5, (4)

where x = (x1, (x2, x3), (xa, x5), (X6, X7),...) € X.

The space X is uniformly smooth because Z is smooth (hence uniformly
smooth being finite-dimensional) and uniform smoothness passes to
l>-sums of infinitely many copies of a uniformly smooth space [2, Corollary
4.9]. Since Z is isomorphic to the two-dimensional Hilbert space, X is
isomorphic to £2(¢3), which is isometric to /5.

[2] T. Zachariades, On ¢y, spaces and infinite v-direct sums of Banach
space, Rocky Mt. J. Math., 41(3): 971-997, 2011.
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Example of mapping

For a number 7 € (0, c), let h,: X — X be a linear map given by

hy (x1, (x2, x3), (X2, x5), ... ) :== (0, (nx1, x1), (x2, x3), (X2, x5),...).  (5)

Applying Lemma 1 to (4) we deduce that h,, is a linear isometry.
Consequently,

[ ()] = [XIy] - (x,y€X, 1 €(0,¢)). (6)
Combining (1) with (6) we may rearrange (6) as

B - () (X)) = [xIy]  (x,y € X, 1€ (0,¢)). (7)

Moreover, putting y in place of x in (6) we get

Il =yl (n € (0,¢)). (8)
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Example of mapping

We are now ready to construct the sought non-linear map that preserves
semi-inner products.

For this, we fix a function v: [0, 00) — [0, 00) with «(0) = 0 such that
0 <n(x) <c(xeX\{0})and ~ is not constant on (0, 00). Next we
choose a function : X — [0, ¢) by

n(x) =7(x[l) (x€X).
Then, we define a map f: X — X by the formula

f(x1, (x2,x3), (xa,x5),...) == (0, (n(x)x1,x1), (x2,x3), (xa,%5),...).

Then we may recognise that

f(X) = hn(x)(X) (X S ./f) (9)
Consequently, f fails to be linear. However, in the case where
@ v is continuous and non-constant on (0, 00), f is continuous;
@ ~ is discontinuous on (0, c0), f is discontinuous too.
We claim that for all x,y € X we have [f(x)|f(y)] = [x|y]. For this, fix
X,y € X and consider the associated maps h, (), hy): X — X.
f: X > X FCIIF)] = [xly] 13 /17



Example of mapping

Applying again Lemma 1 to (4) and (5), we conclude that

1) (Y) + Ao O = [y DI+ [ Ango (]]-

n(y

It follows from the well-known property ||a+b||=|a||+||b|| = ¢a = ¥»
that @ho) () = Pho () 1€

(Ph)() W) = (Phyo W) (W € X). (10)
Consequently,
©) 9)
[FONFW = W (e, £ = [y DI (@ () ) (X))
(8)
1) D (@, () B (X)) = 1Y 1P () ) (X))
(8)

)
= th(x)(y)H : <('0hn(x)()’)’ hn(x)(X» = [X|y] .

This shows that f: X — X is indeed a non-linear map preserving
semi-inner products.
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Concluding remarks and problems

Remark: In the above construction one may consider the £,-sums for

p € (1,00) instead of the ¢>-sum. This will lead to a renorming of ¢, on
which one may find a non-linear injection preserving the (unique)
semi-inner products.

Suppose that X is a Banach space and let [-|¢] : X x X — K be fixed.
Assume that f: X — X satisfy [f(x)|f(y)] = [x]y], x,y € X.

@ Does strict convexity of X imply linearity of f?
If not, then the following open problem will seem to be natural:

@ Suppose that X is uniformly strictly convex and uniformly
smooth. Are the mapping f linear?

If still not, then we will get another open problem:

o Characterize all functions f: X — X which satisfy[f (x)|f(y)] = [x]y],
x,y € X.
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Thank you for your attention.
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