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Abstract

For a sequence a = (a;);eny C Ry we consider Takagi-like function
of the form

Tlal(x) := Zaidis‘c(aﬁ; 1 Z) for z € R.
i=1

Assume that there exists a ¢ > 1/2 such that
aiy1 = qa; for i € N.

Our main results reads as follows:

e T'[a] is paraconvex if and only if lim a; = 0;
11— 00

o0
e Ta] is strongly paraconvex if and only if )" a; < cc.
i=1

Using the above statements we construct paraconvex functions which
are almost everywhere non-differentiable.

1 Introduction

In the year 1903 T. Takagi [16] introduced the function

T(z):= Zdist(x; w1 Z) for z € R,
n=1
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which gives a simple example of a continuous nowhere differentiable function.
Since then the Takagi function and its generalizations of the form

Tlal(x) := Zandist(:n; st Z) for z € R, (1)
n=1

where a = (a,)neny C R has been applied in various parts of mathematics, in
particular in the theory of fractals [3], approximate convexity and functional
equations [1, 5, 6, 7, 14, 15] or special functions theory [4, 7, 8]. For the
survey on the results of the functions of Takagi type we refer the reader to
[7]. It is worth mentioning that by [4, Theorem 2.2] T[a] is a well-defined

real-valued function if and only if ) 2"|a,| < occ.
neN
Our aim is to show that the functions of Takagi class can serve as an

important source of examples and counterexamples for paraconvex and semi-
convex functions. We will show that the Takagi functions have a large variety
of properties related to approximate convexity. To explain our main results,
we need to recall some notions of approximate convexity [10, 11, 12, 13, 17].

Definition 1.1. Let v : R, — R, be a nondecreasing function such that
lim ~(r)/r = 0.
r—0+

Let V be a convex subset of a normed space. We say that a function
f:V = Ris y(-)-paraconvez if

Cflx,y:t) = fte+(1=t)y)=tf ()= (1=t) f(y) <A([lz—yl}) for z,y €V, €[0,1].

(2)
We call f strongly ~(-)-paraconvex if

Cf(x,y;t) <min(t,1 —t)y(||lx —y||) for z,y € V.t €[0,1]. (3)

We will say that f is (strongly) paraconvex if there exists a respective function
v such that f is (strongly) v(-)-paraconvex.

An almost equivalent notion to strong paraconvexity is the notion of
semiconvexity [2]. In fact on open convex sets semiconvexity is equivalent to
strong paraconvexity [18]. Let us mention that paraconvex, strongly para-
convex and semiconvex functions play an important role in the study of
real-valued functions on normed spaces [2, 5, 6, 9, 10, 11, 12, 13, 17, 18].
Important directions in the study of paraconvexity and semiconvexity are
the following:



e prove that (under some additional assumptions) paraconvex functions
are strongly paraconvex [11, 13].

e show that strongly paraconvex functions are almost everywhere differ-
entiable, see for example [12, 13, 17].

In this paper we deal with, to some extent, dual problems:

e does there exist a paraconvex function f : [0,1] — R which is not
strongly paraconvex?

e is every paraconvex function f : [0, 1] — R almost everywhere differen-
tiable?

We answer the above questions negatively by giving a necessary and suf-
ficient conditions for T'[a] to be paraconvex or strongly paraconvex. This
jointly with the Theorem of Koéno [8, Theorem 2] implies that

Z —dlst T ey 7)

is an example of a paraconvex function which is differentiable only on a set
of measure zero (and consequently is not strongly paraconvex).

2 Preliminary results

In this section we prove a list of technical lemmas. We begin with an obvious
but important result.

Proposition 2.1. Let V' be a convex subset of a normed space and let f :
V — R be a Lipschitz function. Then

Cf (@, y;0)] < 2t(1 = Dlip(f)lle =yl forz,y € V.t €[0,1].
Proof. For z,y € V,t € [0,1] we have
ICf(z yit)| =t f(z) — (tz+ (L= )y)| + (L =)[ftx + (1 = t)y) — f(y)]

< t(1 = Olip(f)llz = yll + (1 = Olip(f)llz — yll = 2¢(1 = lip(f)l|lz — yl|
[l



We denote

d,(x) = dist(z; Z) forneN,zeR

1
2n71
It is obvious that d,, is periodic with period 1/2"1.

Lemma 2.1. Let n € N. Then

. |17—'%%|ifk7€ QZ k41
dn(x)_{i—]x——n if k€22 +1, forxe[?”’Z”]'

Proof. Since d,, is periodic with period 1/2", it is enough to consider the case
when £k =0or k= 1.
If k = 0, then for z € [—55, 5~] we have

dy(z) = dist(z; 51+ Z) = dist(z; {0}) = |z].

If k =1, then for z € [0, 2] we have

1 1
dy(z) = dist(z; 5+ Z) = dist(z; {0, 2 }) = o 1T =5l

]

For a sequence a = (a;)ien C Ry and k € N, I € NU {0}, | > k we
consider the function T} [a] : R — [0, co] defined by

T}la](z) == Z a;d;(x) for xz € R.

i=k

Instead of T7°[a] we write T'[a]. Clearly T}[a] is periodic with period 1/2*.
We use the convention that 3., = 0, which implies that T?[a] = 0.

Lemma 2.2. Let a = (a;)ien C Ry be given, and let k € Z, n € N be fized.

Ifn=1orke2Z+1 then T{ '[a] is affine on [+, 5EL].

Proof. If n = 1, then T}" *[a] = T?[a] = 0, which trivially yields the assertion.
Consider now the case when n > 2. Then k& = 2m+1 for a certain m € Z.
Since the sum of affine functions is affine, it is enough to show that d; is

affine on
k—1 k—l—l]_[m m+1
omn ’ on o 2n—1’ 2n—1

[ ]7
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for every i € {1,...,n —1}.
For each i € {1,...,n — 1} there exists m; € Z such that

( m m+1]c[mi mi+1]
Qn—l’ on—1 21” i '

If m; € 27, then by Lemma 2.1

m; m m; m; + 1
dl = — | = —_ f -, - 5
() = |z 5 5 forze [ STRADT ]
while if m; € 2Z + 1 we get
1 m; m; + 1 m; m; + 1
dilv) == — |z — —| = — f —, .
(0) = — o= 5 ="~ fora e (B2, T

Lemma 2.3. Let a = (a;);eny C Ry be given and let k € Z, I,n € N, [ > n
be fized. Then for x € [2% — %7 2% + %]

(an+...+a)|z— | if k € 2Z,

Tl — .
la) () { ;—Z+((—an)+an+1+---+al)|x_2%| if k€ 27 + 1.

Proof. Consider an arbitrary z € [2% — %, 2% + %] We have

k 1 k 1 i 1 2"k 1
ro v — - = S+ ] fori=n,...L (4
[Qn 2[’2n+21]c [ 9i 21’ i +21] or e n, ’ ( )

If k € 27Z then by (4) and Lemma 2.1 we obtain that

2},

di(x) = v — —
Z(x> |m 21

k
|:|:v—2—n| fori=mn,...,1,

and consequently

l

Thal() = 3 audi(w) = (3 aile = oo

=n

Assume now that k € 2Z + 1. Making use of (4) for ¢ = n and Lemma

2.1 we get

1 k
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Since 20"k € 2Z for i =n +1,...,1, by (4) and Lemma 2.1,
k .
di(a:):|x—2—n| fori=n+1,...,L

Thus

l
0 k
T!a)(z) = anda(x) + Y aidi(z) = g—n + (—tn) + s+ + @)l = o).
i=n+1

O
Lemma 2.4. Forn € N we have
a) Cdy(z,y;t) < 2t(1 —t)|z — y| for z,y € R, t € [0, 1];
b) Cd,(z,y;t) € [—5, 5] for z,y € R, t € [0,1].

27’!,7 277.

Proof. 1t is clear that d,, is Lipschitz with lip(d,,) = 1. By Proposition 2.1
we get a). By the definition of the operator C we have for z,y € R, t € [0, 1]

Cdp(z,y;t) = dy(tz+ (1 —t)y) —td,(x) — (1 —t)d,(y)
€ [0,5:] = [0, 55] = [~ 5r: 5.
]

Lemma 2.5. Let a = (a;)ien C Ry be a given sequence. We assume that
there exists a ¢ > 1/2 such that

air1 > qa; fori € N.
Let K, € N be such that
g+ ... +qf > 1. (5)

Letn € Nandl € N, | > n+ K, be arbitrary. Then T![a] is convez on

(£ — &, £ + 1] for every k € Z.

Proof. We have

an+1+-'-+alZan(q+"'+qKq)Zan7

and hence
(—an) +aps1+...+a; > 0.

Lemma 2.3 completes the proof. n



Lemma 2.6. Let v,y € R, v <y < x+ 1/2. Let n be the smallest positive
integer such that

(z,y) N 5= Z # 0.
Then the following statements hold:

i) There exists a unique k € Z such that 2% € (z,y). Moreover, if n > 1
then k € 27 + 1.

it) There exists the greatest | € N such that

k 1 k 1
Cl——=,—+=|. 6
Moreover, then | > n and
11 1
Ziﬁ@/—QTSQ?- (7)

Proof. i) The existence of k € Z such that 2% € (z,y) follows from the
definition of n. To prove its uniqueness suppose that there exist ki, ky € Z,

ki < ko such that ¥ %2 ¢ (2 4). Then & Kt ¢ (3 4). One of the numbers

271 ) 271 27’l ) 27L
k1, k141 is even. Suppose e.g. that k; € 2Z. Then ]"2—1 € Z and ;ﬁe = ];—}l €7z,

which contradicts the definition of n.

Now we prove the second part of i). Suppose that n > 1 and that there
exists a p € Z such that ;—f € (z,y). Then we would get ;25 = (2p)/2" €

(x,y), and since n — 1 € N we again obtain a contradiction.

ii) We first prove that [ = n satisfies (6). We have to show that ! <z

and that &1 > . Suppose for an indirect proof, that either % >

on
k+1 k—1 k—1

or 5= < y. We consider the case 7= > x. Obviously %7 < y. Hence
% € (z,y), which contradicts i). The reasoning in the case % < vy is
analogous.

For sufficiently large [ € N we have

k 1 k£ 1
—— =, —+=)C .
(= gt ) € (2,9)
It means that the set of integers [ satisfying (6) is bounded above. Therefore
there exists the great [ in this set. It remains to prove that it satisfies (7).

From (6) we get



Now we prove that y — x > Zl;% Suppose that it is not the true, that is
y—x < ﬁ. Since [ is the greatest integer satisfying (6), either x < 2% -

2.9
ory>2%+ﬁ. If x < %—ﬁthenwewouldget
+z< + i L < K
_= — X T —_— —_
v=y 420 Ton T ol T ow
a contradiction. Similarly, if y > k/2" 4+ 1/(2 - 2!), we would get
+(—y+x) > i + ! ! > b
T = —y+x) > — - —
yriy on T ol g9l T ow
a contradiction. O

3 Paraconvexity

In this section we investigate the problem when the function T'[a] is paracon-
Vex.

Theorem 3.1. Let a = (a;)ien C Ry be such that T'la] is paraconvezr. Then

lim a, = 0.
n—oo

Proof. We have

y(2=(D)

an = CTa)(0,27773)/(27") € =5

— 0 as n — oo.

]

It occurs that the condition lim a, = 0 does not guarantee even the local
n—o0

paraconvexity of the function 7'[a].

Theorem 3.2. Let U be a nonempty open subinterval of R and let a =
(ai)ien C (0,00). We assume that there exists a ¢ < 1/2 such that

Ai41

<q forieN.

a;

Then T[a]|y is not paraconvez.



Proof. We can find n € N,n > 1 and k € 2Z + 1 such that

[k: -1 k+1
on > 9n
Fix arbitrarily an [ € N, [ > n. By Lemma 2.3 we have T°[a](£) = % and

] cU.

Tifa) (o +21> = Tl — ) = anlzm — )+ Y g

2n 2 2n 2 2!
i=n-+1
(1 Z . 1 1)+1 1—ql_n_1
= nlon T . A" = an(gy = o) + et
Since d; (& + %) = 0 for i > [, we obtain that
ko1 1 1. 1 1—gn!
Ty —E )< a5 — o a4
By Lemma 2.2 77" '[a] is affine on the interval [ — &, £ + L] and
therefore CTln_l[aH[ b1 k1) = = 0. Whence by the above estimation we get
2 n
k 1 k 11 k 1 k 11
CTla)(= — =, — + =;=) =CT:°[a — =+ ==
NG — g Ty =G m g T D)
1 1-— ql* -1
e~ —Uny———— )
2 gi(an = ang—— . )
and consequently
k 1 k 1 1 1 k 1
CTa|(=— — = A
1— g1 1—2
> 2(a, — anqlq—) — 2an1—q >0asl— oo.
It proves that T'[a]|y is not paraconvex. O

Theorem 3.3. Let a = (a;);en C (0,00) be a sequence such that lim a,, = 0.
n—oo

We assume that there exists a q¢ > 1/2 satisfying

az—l—l

>q forieN.
a;

Then T'a] is paraconvex.



Proof. Let K, be the number satisfying (5). We define a function w : Ry —
R,. We put w(0) =0,

w(r) == max{a; |i € N,i > —log,r — K, —1} forr > 0.

It is clear that w is nondecreasing and that lim, ,o+ w(r) = 0. We will show
that

CTa](z,y;t) < 2%|w —ylw(le —y|) forz,y eR,t€[0,1].  (8)

Consider arbitrary z,y € R, x <y, |z —y| < 1/2 and arbitrary ¢t € [0, 1].
Let n, k, [ be as in Lemma 2.6. By Lemmas 2.6 and 2.2 we obtain that 77" [d]
is affine on [z,y]. Therefore we have

CTla)(z,y;t) = CT.°(x,y;t) fort e [0,1].

Two cases may occur:
a) l<n+ K,
b) >n+ K,.
Consider first the case a). Then n + K, +1 >[4 2 and by (7) we get

1
on+Kq+1 < ol+2 < |z —yl.

This yields that
n=—log, |z —y| — Kg— 1,
or equivalently
2771 S 2Kq+1’$ - y’

Making use of the last two inequalities, Lemma 2.4 b) and definition of w we
obtain

CTElal (2, y51) = 3 Cdi(a,yit)

max{a; |i > n} > Cdi(x,y;t)
max{a; | i > ~logy ¢~y = K, ~ 1} T, 5
w(lz = yNgr <2572z — ylw(lz — y)).

IN

I IA

We have proved (8).
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Now we consider the case b). It follows from Lemma 2.3 that T![a] is

convex on the interval [ — & £ + 1] Hence, by (6) T'[a] is convex on

on — 20yom T Ol
[z, y]. Whence it follows that

CTXla)(x, y;t) < CTF[al(2, y3 1)
By (7) we have
2_l_2 < |$ - y|7
and consequently
[+1>—logy |z —y|l—1
From the above inequality, Lemma 2.4 b) and (7) we get

(&)

CTX [a)(x,yst) = ZlflaiCdi(x,y;t)
i=l+

IN

max{a; i > 1+1} Y &

i=l+1
max{a; |i > —log, |z — y| — 1}
w(lz = ylg < w(le -y -y
282z — ylw(lz —yl).

VANVANNVAN

We have proved (8)
Consider now the case when |z — y| > 1/2. By Lemma 2.4 b) we obtain

CT(a](w,y;1) = Y aiCdi(w,y;t) <> g—
=1

i=1
We are going to compare the above estimation with (8). We denote

v(r) := 25 2rw(r)  for r € Ry, (9)

We have
w(z) = max{a; |i > —logy(5) — K, — 1} = max{a; |7 € N},

and consequently

o0

v(3) = 2%+ max{a; |i € N} > max{a; |i € N}Z1 o5 > 2 %.

Hence (8) is valid also in the case when |z — y| > 1/2.
We have proved (8), which means that the function T'[a] is paraconvex

with + defined by (9). O

11



Remark 3.1. Let us observe that the case ¢ = 1/2 is in a sense boundary
point. In Theorem 3.2 we have shown that if a = (a;) C (0, 00) and

Qi41

1
<q<§ foriGN,

7

then T'[a] is not paraconvex. In the case when a = (55);en we have (see for
example [7, 15])

T2 Yien](2) = 22(1 —2) for x € [0,1].
Whence we immediately obtain that if @ = (a;);eny C (0, 00) and

Q41
a;

1
=35 for: € N,
then
Tla](x) = 4ayz(1 —x) for x € [0,1].
One can easily check that this function is paraconvex with v(r) = 2a;7?. By

Theorem 3.3 if lim a; = 0 and there exists ¢ such that
1—00

Ai+1

1
>q>§ for i € N,

i
then T'[a] is paraconvex.

To show an important consequence of Theorem 3.3 we need the result of
Kono.

Theorem of Koéno [8, Theorem 2]. Let a = (a;);en C R be a sequence
such that Y 2%|a;| < co. Then
i=1
(i) Tla] is absolutely continuous if and only if > a? < oo.

=1

(i1) Tla] is differentiable on a set of cardinality continuum and the range
of the deriwative is a whole line but there exists no deriwative almost

surely if and only if lim a; = 0 but Y a? = co.
1—00 i=1

(i1i) Ta] has nowhere finite derivative if and only if liminf |a;| > 0.
1—00

12



Directly from Theorem 3.3 and Theorem of Kéno we get:
Corollary 3.1. Let a = (a;)ien C (0,00) be a sequence such that

e lim a, =0;
n—o0

(e.)
.« Yato
i=1
o there exists a ¢ > 1/2 such that a;y1 > qa; fori € N;

Then T|a] is paraconvez function which is differentiable only on a set of
measure zero.

Clearly a,, = Ln is a sequence satisfying the assumptions of the above
corollary, which implies that the function

Z—dlst A

is an example of a paraconvex function which is differentiable only on a set
of measure zero (and consequently is not strongly paraconvex).

4 Strong paraconvexity

As we know Takagi class functions are usually very irregular. In this section
we will investigate the question when the elements of Takagi class are strongly
paraconvex. We begin with:

Theorem 4.1. Let a = (a;);en C Ry be a sequence such that T[a] is strongly

paraconvexr. Then
o

Zai < 0.

=1

Proof. We have

1 < 1 1 1 1 1

— =T CT 0; < 1— —)y(1) < —~(1).

g 2 0= Tll(7) = CTlel(1,.0: ) < min(p1 = 507 (0) < o)
Whence we immediately obtain the assertion. O

13



Now we prove a sufficient condition. The idea of the proof is similar to
that of Theorem 3.3.

Theorem 4.2. Let a = (a;);eny C Ry be a sequence such that there ezists a
q > 1/2 satisfying

a; .
as >q forieN.

a;

If
> a; < 0, (10)
=1

then the function T'a] is strongly paraconvet.

Proof. Let K, be the constant satisfying (5). We define the function w :
R, — R,. We put w(0) =0,

w(r) = Z a; forr>0.

i€N,
1>—logy r—Kg—1

It is clear that w is nondecreasing. It follows from (10) that lir%w(r) = 0.
r—
We will show that
CTla)(z, ;) < 21— t)]o — ylollz —y) for sy Rt 0,1 (11)

Let z,y € R, x <y, t € [0,1]. We consider first the case when |z — y| <
1/2. Let n,k,l be as in Lemma 2.6. By the same argumentation as in the
proof of Theorem 3.3 we obtain that

CTla)(x,y;t) = CT [a](z, y;1).

Again proceeding as in that proof we consider two cases:
a) [ <n+ K,
b) [>n+ K,
In the first case we get that

n > —logy v —y| — Ky — 1,

which means that

> ai < w(la—yl).

14



Making use of Lemma 2.4 a) we obtain
CTlal(x, y;t) = 3252, aiCdi(x, y; 1)
< (02, ai) - ll&laXnCd (x,y;t)
< w(le —y)2t(1 = t)]x —y|.

We have proved (11) in the case a).

Now we consider the case b). As in the proof of Theorem 3.3 we obtain
CTlal(z,y;t) < CTFa)(, ;1)
and
[+1>—logy |z —y|l—1
Applying the above inequalities, definition of w and Lemma 2.4 i) we get
1+1

< (o241 @) maXien iz Cdi(w, Y5 t)
<w(|lx —y|)2t(1 —t)|x — yl.

CTla]y (x,y;t) < CTyal(x, y; 1)

We have proved (11). It remains to consider the case when |z —y| > 1/2
By Lemma 2.4 i) we have

o0

CTla|(z,y;t Za,Cd (x,y;t Zal 2t(1 —t)|x — y|.

i=1
On the other hand for > 1/2 we have

w(r) Z a; = Zai.

1€N,1>—logy r—Kg—1 i=1

Thus in the considered case we have

CTla](x, y; 1) < 2t(1 = t)|z — ylw(|z — yl),

which means that (11) is valid, an consequently T'[a] is y-strongly paraconvex
with v(r) := 2rw(r). O
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